We compute the anomalous dimensions of field strength operators Tr F L in N = 4 SYM from an asymptotic nested Bethe ansatz to all-loop order. Starting from the exact solution of the one-loop problem at arbitrary L, we derive a single effective integral equation for the thermodynamic L → ∞ limit of these dimensions. We also include the recently proposed phase factor for the S-matrix of the planar AdS/CFT system. The terms in the effective equation corresponding to, respectively, the nesting and the dressing are structurally very similar. This hints at the physical origin of the dressing phase, which we conjecture to arise from the hidden presence of infinitely many auxiliary Bethe roots describing a nontrivial "filled" structure of the theory's BPS vacuum. We finally show that the mechanism for creating effective nesting/dressing kernels is quite generic by also deriving the integral equation for the all-loop dimension of a certain one-loop so(6) singlet state.
1 Motivation, Conclusion and Overview us recall its structure. The phase shift 2 θ(u, u ′ ) = −i log σ 2 (u, u ′ ) stemming from the dressing factor σ 2 (u, u ′ ) when two magnons with rapidities u,u ′ pass each other (see [8, 12] for the notation) is 2 i θ(u, u ′ ) = 2 g 2 ∞ −∞ dt e i t u e − |t| 2 ∞ −∞ dt ′ e i t ′ u ′ e − |t ′ | 2 K d (2 g t, 2 g t ′ ) −K d (2 g t ′ , 2 g t) ,
(1.1) where the "magic kernel" readŝ
t ′′ e t ′′ − 1K 0 (2 g t ′′ , t ′ ) , (1.2) and the symmetric kernelsK 0 ,K 1 are expressed with the help of Bessel functions aŝ
This way of writing the dressing phase has a decidedly "thermodynamic" flavor. Nevertheless, the claim of [12] is certainly that this phase should contribute to the anomalous dimensions of short operators 3 at and beyond four-loop order, up until "wrapping order". A natural explanation of its structure could come from a hidden "non-trivial" vacuum. Recall that this is usually the case in relativistic field theories, or else, in "physical" ground state configurations of magnetic systems such as the Heisenberg or Hubbard antiferromagnets. What we are saying is that the dressing factor indicates that the BPS states
do not constitute boring "ferromagnetic" reference vacua, but are rather states more akin to an "antiferromagnetic", "physical" vacuum. For a reason to be understood, BPS vacuum polarization at weak coupling appears for the first time at four-loop order. The difference, in the su(2) sector, of the AdS/CFT system to the Hubbard model [21] is then that in the latter this vacuum polarization does not appear. Toy models approximatively demonstrating a similar phenomenon in the present context have appeared previously in [22, 23] .
In the current paper we will not make an attempt to find the underlying vacuum structure of the BPS states (1.5) , which requires to go beyond the Bethe equations of [8] . In order to nevertheless prove our point, we will focus on another "false vacuum", but one which may be treated with the asymptotic spectral equations in [8] . Namely, we will consider operators which at one loop are built from a sole field strength component F :
(1.6)
These are of interest as they are not embedded in a rank-one subsector, and are therefore described by an asymptotic nested Bethe ansatz. If L is large enough, i.e. the operator is "long", we may trust the ansatz to arbitrary loop order. In fact, we may pass to the thermodynamic limit L → ∞, in which the dimension of the operators (1.6) becomes
whereρ(t) is essentially the Fourier-transform of the density of momentum-carrying firstlevel Bethe roots. As is common in thermodynamic situations, the non-linear nested Bethe equations may be turned into a system of linear integral equations forρ(t) in conjunction with a number of further auxiliary densities describing the distribution of the higher-level Bethe roots. Interestingly, the auxiliary densities may be eliminated, and one ends up with a single, effective linear equation for the principal densityρ(t). It readŝ
.
(1.8)
HereK d is the above kernel (1.2) summarizing the effects of the dressing phase. Interestingly, together with a few further terms in the second line of (1.8), the net influence of the nesting is exerted by the kernelK n which readŝ K n (t, t ′ ) = 4 g 2 ∞ 0 dt ′′K 1 (t, 2 g t ′′ )
t ′′ e t ′′ + 1K 0 (2 g t ′′ , t ′ ) .
(1.9)
We are confident that the reader's sharp eyes will spot the structural similarity between this nesting kernelK n and the dressing kernelK d in (1.2). In conclusion, this result suggests that the AdS/CFT phase factor [12] is generated by hidden, nested levels of a yet-to-be constructed final Bethe ansatz.
In the remainder of this paper we will work out the asymptotic anomalous dimensions of the operators (1.6) and derive the above equations. The detailed calculations are rather technical, and proceed as follows: In section 2 we obtain the asymptotic spectrum of these operators, which form a long-range spin chain, by applying the Bethe equations of [8] . In section 3 we solve the one-loop problem, i.e. we find the principal and auxiliary one-loop Bethe roots for the appropriate Dynkin diagram. This solution is exact for all finite values of the length L. We also find all one-loop higher conserved charges at arbitrary L. The heart of the paper is section 4, where we work out the thermodynamic limit of our one-loop solution, find (thermodynamically) all higher-loop perturbations, and reduce the resulting system of integral equations to the single effective one in (1.8) . Finally, in section 5, we study a few further thermodynamic high-energy states satisfying special filling conditions. Apart from exhibiting certain intriguing transcendentality properties, the examples provide further support for our picture of the origin of nesting and dressing factors. We end with a short outlook. As always when working with Bethe equations, great care has to be taken to understand the distribution of roots. The appendices contain numerous checks and considerations justifying the methodology in the main body of the text.
Excitation Scheme for Field Strength Operators
We are interested in the pseudo-vacuum states Tr F L in (1.6). Here pseudo-vacuum refers to the fact that these states may serve as a reference vacuum for the one-loop Bethe ansatz [2] . In an oscillator realization of the system, see [24] , F L is the tensor product of L fields
and a † 1 are bosonic creation operators. After imposing the trace condition, these states are gauge-invariant, but, in contradistinction to the superficially similar BPS states Tr Z L in (1.5), not protected. In fact, their anomalous dimension is very large [24] . This type of operator was studied at one-loop in an integrable sector of QCD in [25] .
There exist alternative choices for the Dynkin diagrams of a superalgebra due to the freedom to choose each node to be either fermionic or bosonic, with the constraint that at least one node has to be fermionic. Changing from one diagram to another changes the excitation pattern of the spin chain, and sometimes even induces a change of the corresponding vacuum state. In particular, the one-loop vacuum of the standard distinguished Dynkin diagram of psu(2, 2|4) is precisely given by the states Tr F L [2] . Therefore no Bethe ansatz, which takes care of the diagonalization of excitations, is necessary, and the one-loop anomalous dimension is just the vacuum-energy. However, it is not known how to deform the one-loop Bethe equations of the distinguished Dynkin diagram to higher loops. The same is true for most other choices, and the long-range Bethe equations of [8] only appear to "work" for a very specific diagram. In that diagram the vacuum is Tr Z L , and Tr F L is a highly excited state with many excitations, whose momenta have to be diagonalized in order to reproduce the correct energy.
A somewhat similar pseudo-vacuum consists of a cyclic tensor product of L fermions U, i.e. Tr U L , which was studied in [26] . However, while the latter lies in a rank-one subsector of the symmetry group, su(1|1), the states Tr F L are not confined to any such subsector. Correspondingly, in order to diagonalize the latter one needs a nested Bethe ansatz. The excitation pattern of Bethe roots for the higher-loop Dynkin diagram of [8] reads
2)
where the K ν is the excitation number of the ν-th node of the Dynkin diagram. Clearly all but the first two nodes are highly excited. It is interesting to understand the state Tr F L in the picture of the elementary excitations of the long-range spin chain: the 8+8 magnons of the N = 4 model. We tabulated in Fig. 1 all "fundamental magnons" in a way which allows to read of the excitation pattern in the higher-loop Dynkin diagram with ease. We also included the magnon-creation operators in the oscillator picture, cf. [24] . The psu(2|2) ⊕ psu(2|2) invariant S-matrix acts, respectively, on the rows and columns of Fig.1 . Exciting the central 4-th node K 4 times inserts K 4 X bosons into the BPS vacuum Z L . The K 4 Bethe roots of the central node parametrize the momenta of these magnons. Next, exciting K 5 times the fifth node converts K 5 of the X bosons into U fermions. The process continues until all magnons contained in a given state are created. It follows from (2.2) that the fields F in Tr F L are not elementary. Instead, each F is essentially equivalent to a composite of two fermionṡ U andV. Notice that a pairU ,V of two such fermions occupies at one loop, just like F , only one lattice site. This is not possible for, say the two fermions U,V. Correspondingly, the state Tr F L has, at one loop, 2L excitations living on a lattice of L sites. Beyond one loop, the length is not conserved.
In order to write down the Bethe equations it is useful to define spectral parameters x ± , u ± , u which are interrelated by
and the coupling constant g is proportional to the square root of the 't Hooft coupling
(2.4)
These parameters are assigned double indices, i.e. the Bethe equations are written in terms of x ± ν,k , u ν,k where ν = 1, . . . , 7 denotes the nesting level (or node-number of the Dynkin diagram), and k = 1, . . . , K ν labels the Bethe roots of level ν.
The Bethe equations for the specific excitation pattern (2.2) are given by (cf [8] )
5)
where the dressing factor σ 2 (u k , u j ) = e 2iθ(u k ,u j ) is given by (1.1). The (asymptotic) anomalous dimensions of an operator can then be deduced from the energy E(g) of the long-range spin chain by
where ∆ 0 denotes the operator's classical dimension. In the case of the field strength operators (1.6) it is given by ∆ 0 = 2L. In turn, this energy is found from the "momentumcarrying" Bethe roots living on the central (i.e. 4-th) node as
(2.7)
Let us note that the stateḞ L , which is a tensor product of
has mirror-inverted excitation numbers and hence the same Bethe equations (2.5). We will firstly solve the one loop-problem at finite L, and secondly construct the thermodynamic limit L → ∞. Subsequently we will focus on the all-loop equations and derive an integral equation for the corresponding root density.
The One-Loop Problem
The one-loop Bethe equations for the field strength operators Tr F L are obtained from the asymptotic all-loop equations (2.5) by taking the limit g → 0. This yields
(3.1)
These can be further simplified with a suitable dualization, see e.g. [27] and references therein. We start by introducing the polynomial P (u) for the u 3 roots as
It is straightforward to find
Applying the same procedure to the roots u 7 and u 6 we reach an effective system of equations, namely
By introducing the polynomial Q 4 (u) for the momentum carrying roots u 4 as
and noting that
we find that (3.3) simplifies enormously to the free equation
This is solved by
Plugging this solution back into equation (3.2) we infer that u 4,k are roots of the equation
On the other hand, the u 5 roots are zeros of the polynomial Q 5 (u)
such that we can rewrite (3.4) as
We have therewith derived a polynomial Q 4 (u) of degree 2L − 2
whose zeros correspond to the exact one-loop roots u 4 for arbitrary, finite L. All roots of this polynomial are real (for a proof, see Appendix A).
Energy and Higher Conserved Charges
Since the u 4,k are the roots of (3.9) we can write
This allows us to express the energy
On the other hand, using the explicit form (3.9) we derive
and thus verify that the anomalous dimensions (2.6) of the operators Tr F L are indeed, to one loop [24, 2] ,
Incidentally, it is straightforward to generalize the above method to all higher conserved spin chain charges, by noting that
It is clear that all odd charges vanish. Note that the c r in (3.20) of [27] for the "Beast" diagram are given by qr L .
Generating Polynomials
Starting from the set of all-loop Bethe ansatz equations (2.5) and dualizing the u 3 and u 7 roots [8] we obtain
Here,ũ 5 are the 2L − 4 roots dual to u 5 . Note that they are not given by (3.7) anymore. It is however an easy task to derive the polynomials which generate the one-loop roots for this set of equations. One of them, generating the u 4 roots, is already known, see (3.9) . The polynomials generating theũ 5 and the u 6 roots are given, respectively, by
and
Some properties of these polynomials are studied in Appendix A.
Thermodynamic Limit
In this section we will demonstrate how to construct the thermodynamic limit and how to find the root densities using the generating polynomials defined in (3.9),(3.15), (3.16) . We will present the method, taking Q 6 (w) in (3.16) as an example. Let us define the density of roots as
Using this definition we can write (3.16) as
and easily obtain an integral equation for the density
Taking the limit L → ∞ and using the identity
we derive the formula It follows from the above formula that V (w) is necessarily discontinuous across the real axis (i.e. it has an infinite cut there). To find V (w) we compute
Taking the limit is straightforward
(4.8)
Using (4.5) we find for the density
(4.9)
The same procedure can be used to find the density for the momentum-carrying roots
(4.10)
which is a continuum limit of
As a validity check we can show that
which is in agreement with the earlier result (3.11).
Let us now direct our attention to the density of roots of flavor u 5 . From the analysis of the generating polynomial we infer that these roots form two strings along ± i 2 (see Appendix B for details) on the complex plane and we have to integrate over two contours
where Λ(u) is given by
The solution of (4.13) is
Hence, two roots u ± 5 form a stack with one root of type u 6 in the center such that u ± 5 = (u 6 ± i 2 ). The concept of stacks was introduced and studied in the context of the nested Bethe ansatz of "ferromagnetic" root distributions [27] . Here we find the same stack picture in the context of a long operator akin to an "antiferromagnetic" state. The emergence of the stack picture for our case is rigorously established in Appendix B.
Asymptotic All-Loop Effective Bethe Equations
In the thermodynamic limit only the centers of the stacks receive quantum corrections, i.e. u 5,k 
The effective set of Bethe equations then reads 4
where we have used the identity
Note that (3.13) splits up into two equations with k running from k = 1, . . . , L − 2 and k = L − 2 + 1, . . . , 2L − 2 respectively, which can by multiplied with each other to get (4.17), while equation (3.14) is identically satisfied. These effective equations describe the scattering of the roots u 4 with the centers of the stacks. Rewriting (4.16) and (4.17) as
(4. 19) and taking the logarithm of these equations leads to
where the dressing phase shift 2 i θ is given in (1.1), and to
The ambiguity in the choice of branch of the logarithm is encoded in the mode numbers n k and m k , for which we introduce mode functions n k = n(u 4,k ) and m k = m(u 6,k ).
As usual we will now replace the sums by integrals as L → ∞ and introduce new variables ξ = n(u 4 ) L and χ = m(u 6 ) L . They allow us to define the all-loop excitation densities through ρ(u) = − dξ(u) du and η(w) = − dχ(w) dw . One can show that this is consistent as the correct oneloop densities can be derived from the effective equations. Finally we take the derivatives w.r.t. u and w, respectively. Thus, (4.20) and (4.21) become:
. (4.23)
All-Loop Energy
Our strategy is now to solve (4.23) for the auxiliary root density η as a functional of the energy-momentum-carrying main root density ρ. Substitution of this solution into (4.23) then yields a single, closed equation for the latter. This is easily done by Fourier transformation techniques, see in particular [13] .
The Fourier transforms of the densities ρ(u) and η(w) are defined aŝ
where we have included a factor e −|t|/2 for convenience. Including the same prefactors, the double-Fourier transforms of the kernels
may be explicitly computed as, respectively,
Fourier transforming (4.23) diagonalizes all terms containing η, and one obtains
As announced above, we may now solve forη(t) in terms of an integral transform ofρ(t)
whose kernelK 0 (t, t ′ ) is defined as in (1.3). Now we treat (4.22) in a likewise fashion. The Fourier transform of the l.h.s. is given by 1 2πi 
where we have used (1.1), andK 1 is given in
Now we may substitute (4.30) into (4.32) . This leads to a single equation forρ(t)
as announced in (1.8) at the beginning of this paper. Since we have two degrees of freedom per unit length, i.e. the state is doubly-filled, the density (4.34) is correspondingly normalized to 2, i.e.ρ(0) = 2, see (4.24). The dressing kernelK d (t, t ′ ) is written in (1.2), and we just proved that the nesting kernelK n (t, t ′ ) is indeed given by the structurally very similar expression (1.9). In fact, 2K n andK d differ only by a single sign in the denominator of the diagonal kernel t/(e t ± 1). The energy of the state can now be computed from the density by Fourier transforming (2.7). It reads
This leads via (2.6) to the anomalous dimension (1.7) announced at the beginning. We expect our solution to be valid at arbitrary values of the coupling constant. The integral equation (4.34) is however (presumably) too complicated to be explicitly solvable. Being of Fredholm-type, it is however very easy to expand in small g to high orders. We thus find for the perturbative energy to e.g. seven-loop order We notice that zeta functions of odd, but not even, argument enter the energy. This is not surprising, as these are directly generated by the dressing kernel (1.1), cf [12] . If we assign a "degree of transcendentality" k to ζ(k) we see that the contributions at a given loop order are, in contradistinction to the case of large-spin twist operators, see [13, 12, 16] , not of constant degree. One may nevertheless observe that at a given order l the degree is bounded, and always saturated, by 2l − 5. Note also that all zeta-function coefficients, as well as all rational numbers, turn out to be integers after factoring out inverse powers of 2. Conversely, the dressing factor is the only source of ζ-function terms in the expansion (4.36). By this we mean that dropping the dressing factor from the asymptotic Bethe ansatz equations (2.5) would eradicate all terms containing ζ-functions in (4.36), and would generate only rational loop contributions. The latter would precisely agree with all terms of "transcendentality degree zero" in (4.36) .
It is also interesting to note that the thermodynamic expansion of (4.36) does not coincide with the energies of finite length operators (see Appendix C), as opposed to the case of the pseudo-vacuum state Tr U L [26, 28] . By this we mean that the exact anomalous dimension of the operator Tr F L , even below wrapping order, is not exactly proportional to L, while it is for Tr U L . This is very likely due to the length changing processes starting for field strength operators at two-loop order, i.e. the number of fields in a local operator is not a conserved quantity at higher loops. Correspondingly, and in contradistinction to a BPSstate Tr Z L or a fermionic pseudo-vacuum Tr U L , the one-loop field strength operator Tr F L is not an exact eigenstate and will pick up higher-order quantum corrections: Tr F L +O(g 2 ).
Maximal Filling and Nesting
We would like to demonstrate that the emergence of a nesting kernel (1.9), which we argue to be closely analogous to a dressing kernel (1.2), is a rather generic mechanism if two prerequisites are met. The first is that the states satisfy a special maximal filling condition, and the second is that the state is irreducibly 5 nested.
Let us first study two simple cases where only the first, but not the second prerequisite is fulfilled. These are the "highest energy" antiferromagnetic state of the su(2) sector [21, 29] , and the fermionic pseudo-vacuum state Tr U L [26, 28] . As a by-product we will find the correct perturbative expansion of these states, as the expressions in [21, 29, 26] were obtained with a trivial dressing factor σ 2 = 1, and need to be revised starting at four loops.
For the su(2) antiferromagnet the occupation numbers for an even length L operator are (K 1 , K 2 , K 3 , K 4 , K 5 , K 6 , K 7 ) = (0, 0, 0, L 2 , 0, 0, 0).
It is straightforward to repeat the analysis of [21, 29] in the presence of the non-trivial dressing phase (1.1), and one finds that the Fourier-transformed density of roots satisfies in the thermodynamic limit the linear integral equation
This is a half-filled state, which is the maximally possible filling in this sector. Correspondingly, the density is normalized to 1/2, i.e.ρ(0) = 1 2 , see (4.24) . The energy is as always given by (4.35) . Dropping the convolution term on the r.h.s. of (5.2) yields the density for the Lieb-Wu ground-state energy of the fermionic Hubbard model in a closed form, see [21] . The su(2) sector of N = 4 gauge theory is a supersymmetric deformation of the latter. It is described by adding the backreacting convolution. Apparently, the densitŷ ρ(t) can no longer be found in closed form. However, it is interesting to work out the weak coupling expansion of our model from (4.35), (5.2) . One finds to the first few orders +37632 ζ a (1) ζ a (3) ζ(9) g 12 + . . . . Here, we have decided to distinguish the alternating "fermionic" ζ a -function
from the ordinary "bosonic" ζ-function This however obscures the distinction between the contributions stemming from the dressing factor (the ζ-terms) and from the fermionic Hubbard model (the ζ a -terms). In fact, omitting all terms containing ζ (in (5.3), but not in (5.6)!) leads back to the Hubbard ground-state energy. This admixture of bosonic ζ and fermionic ζ a is further evidence that planar AdS/CFT is a supersymmetric generalization of the purely fermionic Hubbard model as employed in [21] . Note also that the coefficients multiplying the ζand ζ a -functions in (5.3) are all integers. Interestingly, we see that the terms in (5.3) are still of constant degree of transcendentality (2l − 1) at a given loop order l if we assign a "degree of transcendentality" k to both ζ(k) and ζ a (k). We now turn to the su(1|1) state Tr U L . The occupation numbers are (K 1 , K 2 , K 3 , K 4 , K 5 , K 6 , K 7 ) = (0, 0, 0, L, L − 1, 0, 0). (5.7)
In the picture of Fig. 1 , we first replace all L fields Z in the BPS vacuum Tr Z L by L bosons X , and then turn the bosons into fermions U. This state may be dualized, and the two-level nested Bethe equations may be converted to a single level [8] . Extending the analysis of [26] to the case of a non-trivial dressing phase (1.1), we find that the Fourier-transformed density of roots satisfies in the limit L → ∞ the equation The ζ-functions are exclusively generated by the dressing factor. We note similar "transcendentality properties" as in the Tr F L case of the last section, namely that at a given loop order l combinations of zeta functions with odd arguments occur up to and including degree of transcendentality 2l−5. Again all zeta-function coefficients, as well as all rational numbers, turn out to be integers. Let us finally present a third example, namely a certain so(6) singlet state. At one-loop this state is the highest energy state of a so(6) magnet [1, 30] . At higher loops, however, the so(6) subsector is not closed anymore and thus one is forced to use the full psu(2, 2|4) Bethe equations. The excitation scheme for this state reads
After the dualization of the u 5 and u 3 roots one is left with the following equations
For the highest energy state we may assume u 2,j = u 6,j and u 3,k = u 5,k for j = 1, ..., L 2 − 1 and k = 1, ..., L−2, respectively. After this is done one notes a striking structural similarity to (3.12)- (3.14) . Apart from the different overall number of magnons the resulting equations differ only by the power of the interaction term in the equation for the u 4 roots. It is thus plausible to assume that the u 5 and u 6 roots will again form stacks, even though this seems to be more difficult to prove in this case. Under this assumption, the derivation of the integral equation for the principal density is straightforward and follows the same lines as above. In Fourier space one now gets, in great similarity to (1.8) ,
Interestingly, the very same nesting kernelK n (1.9) appears, with an overall factor of two, as in the case of the field-strength operator, cf (1.8). This is precisely what one should expect.
It is again rather straightforward to find the weak-coupling expansion of the energy to, say, four loops (we have highlighted the terms generated by the dressing phase) For this state, an interesting new set of numbers appears, namely the Dirichlet β-function evaluated at positive integers:
If k is odd this leads to π k times rational numbers (related to Euler numbers). If k is even the numbers β(k) cannot be expressed through π's. β(2) is Catalan's constant. All coefficients multiplying the products of ζ-, ζ a , and β-functions are integers after factoring out inverse powers of 2.
Note that (5.12) is the higher loop generalization of a one-loop result worked out in [1] . The latter is of course reproduced from (5.13) since β(1) = π/4 and ζ a (1) = log (2) . Note that this state's energy satisfies, just as the half-filled su(2) state's energy (5.3), a constant transcendentality principle.
Outlook
We have shown in detail how to compute the anomalous dimension of the field strength pseudo-vacuum (1.6) in the thermodynamic limit from the nested asymptotic Bethe equations of [8] . Several techniques to reduce the number of equations were introduced and a single effective integral equation (1.8) for the distribution density of Bethe roots was derived from a starting set of five. Combining this equation with the expression (1.7) relating the density to the operator dimension, it is straightforward to find the weak coupling expansion of the latter to any desired order, cf (4.36). Incidentally, as our equation is analytic in the vicinity of g = 0, it should also be, by analytic continuation, just as valid at any value of the coupling. It would be very interesting to analyze it in the strong coupling limit g → ∞, and to interpret the corresponding state in string theory. The techniques developed in [31] might be useful here.
Interestingly, the influence of the nesting on the effective Bethe equation results in a kernel (1.9) which strongly resembles the dressing kernel (1.2) recently proposed in [12] . This leads us to suggest that the dressing phase should originate from the elimination of further, yet to be found auxiliary Bethe roots. The detailed mechanism for how this happens, however, remains to be worked out. The techniques presented in the present paper might prove helpful in this respect.
We would also like to stress that "extra Bethe ansatz levels" in order to improve the asymptotic equations of [8] have been proposed previously. These are natural from general arguments concerning finite size effects [32] , from concrete indications that the asymptotic Bethe ansatz needs to be corrected [33] , and finally from studies indicating that the BDS/Hubbard magnon dispersion law at strong coupling [34] is to be corrected in a finite volume [35] (see also [36] ). In particular, Hubbard-type models are able to create longrange integrable systems from short range interactions [21] (see [37] for a detailed study on the relation of the nested to the effective Bethe equations near the antiferromagnetic vacuum). Furthermore, similar mechanisms have also been proposed on the level of the string sigma model [22, 23] . It is interesting to note that one key feature of [21, 22, 23] is that the BPS vacuum corresponds to a non-trivial distribution of top-level Bethe roots. This qualitatively agrees with our result, which suggests that the "physical" BPS vacuum states (1.5) are created by filling up a truly empty "unphysical" reference state. See also the closely related comments in [38] .
The number of hidden Bethe roots creating the dressing factor of [12] is infinite if the ansatz is to be asymptotically exact for short operators. This should be related to the non-compact nature of the AdS/CFT system. In such a situation Bethe equations might not necessarily furnish the most effective description, and an approach based on Sklyanin's separation-of-variables technique might be more appropriate. This would then replace the Bethe equations by functional equations for a nested set of Baxter-Q functions. Some of the latter should be non-polynomial in nature. Possibly the techniques used in [39, 40] might be useful in this context. Thus, between any two zeros of Q 6 (w, L) there lies a zero of Q 6 (w, L − 1). Furthermore it is fairly easy to prove that the resultant (given by the determinant of the corresponding Sylvester matrix) of Q 6 (w, L) and Q 6 (w, L − 1) is always non-vanishing. Finally, it is possible to find an approximate formula for the extreme roots of Q 6 (w, L). Expecting this roots to scale with L we set w max = ±aL .
Using lim
Setting a = 1 π one finds that Q 6 ( 1 π L + ǫ, L) changes sign with ǫ and hence,
We conclude that for any L > 2 the generating polynomial Q 6 (w, L) has (L − 2) distinct real roots, forming a dense set in R for L → ∞. Curiously Q 6 (w, L) is the polynomial solution of
This should be interpreted as the Baxter equation for the u 6 roots. Similarly one can find extreme roots of Q 4 (u, L) and Q 5 (v, L). Surprisingly they are also given by (A.1).
B Formation of Stacks
Extreme roots of Q 5 are indeed real (as demonstrated above). In this section we will, however, prove that almost all roots of Q 5 (v, L), for large values of L, occupy two contours shifted from the real axis by ± i 2 , respectively. In other words we will show that
where O( 1 L ) can be neglected in the large L limit.
B.1 Power Expansion of the Polynomials
After some computation it is possible to find for the polynomial Q 5 (v)
Thus one finds immediately that
where the coefficients are given by for n = 0, 1, ..., L − 1 .
B.2 Emergence of the Stack Picture
In this subsection we assume n ≥ L (n < L can be analyzed analogously). Furthermore without loss of generality we consider L and n to be even. The non-zero coefficients are then given by c n (L) = 2(−1) for large values of L.
B.2.2 Other values of n
Other values of n are much more difficult to analyze since their generic dependence on L is n = αL + β , 1 ≤ α < 2 and the summation limit of 2 F 1 depends now on L. Here we will show that cn dn − 1 is at least of order O( 1 L ). We start with noting that for this values of n one has i.e. terms of the form L 2L−n 2 2L−n are least of all sub-leading. Next we observe that
This implies that the 2L n term in (B.9) is at least sub-leading. Let us define the function 
